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ABSTRACT 



q 

We obtain regularity conditions of a new type of problems of the calculus of variations with second- 
order derivatives. As a corollary, we get non-occurrence of the Lavrentiev phenomenon. Our main 
result asserts that autonomous integral functionals of the calculus of variations with a Lagrangian 
having superlinearity partial derivatives with respect to the higher-order derivatives admit only 
minimizers with essentially bounded derivatives. 
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^ ■ 1 Introduction 



Let C(t, x°, . . . , x m ) be a given C 1 ([a, b] xl' m+1 ' X11 ) real valued function. The problem of the calculus 
of variations with high-order derivatives consists in minimizing an integral functional 

J m [x(-)}= j' £(t,x(t),x(t),...,x^(t)^dt (P m ) 
over a certain class X of functions x : [a, b] — > M n satisfying the boundary conditions 

x(a) = x° a ,x(b) = x° b ,... ,x< m - ^(a) = x^.x^^ft) = x^ 1 . (1.1) 

Often it is convenient to write x^ = x' , x^ = x" , and sometimes we revert to the standard notation 
used in mechanics: x' = x, x" = x. Such problems arise, for instance, in connection with the theory of 
beams and rods ifTFl . Further, many problems in the calculus of variations with higher-order derivatives 
describe important optimal control problems with linear dynamics ifTTl . 
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Regularity theory for optimal control problems is a fertile field of research and a source of many chal- 
lenging mathematical issues and interesting applications (5] El ED . The essential points in the theory 
are: (i) existence of minimizers and (ii) necessary optimality conditions to identify those minimizers. 
The first systematic approach to existence theory was introduced by Tonelli in 1915 lfT9l , who showed 



that existence of minimizers is guaranteed in the Sobolev space W™ of absolutely continuous functions. 
The direct method of Tonelli proceeds in three steps: (i) regularity and convexity with respect to the 
highest-derivative of the Lagrangian £ guarantees lower semi-continuity, (ii) the coercivity condition 
(the Lagrangian £ must grow faster than a linear function) insure compactness, (iii) by the compactness 
principle, one gets the existence of minimizers for the problem §P m \ . Typically, Tonelli's existence 
theorem for \P m ) is formulated as follows [5l|9]|: under hypotheses (H1)-(H3) on the Lagrangian £, 



(HI) 


£(t,x ,... 


,x 


(H2) 


£{t,x ,... 


,x 


(H3) 


£{t,x ,... 
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+00 . 



£{t,x°,...,x m ) > G(|x m |)forall (t,x°,...,x r 



there exists a minimizer to problem §P m } in the class W™. 

The main necessary condition in optimal control is the famous Pontryagin maximum principle, which in- 
cludes all the classical necessary optimality conditions of the calculus of variations lfl4l . It turns out that 
the hypotheses (H1)-(H3) do not assure the applicability of the necessary optimality conditions, being 
required more regularity on the class of admissible functions [1J. For \P m \ , the Pontryagin maximum 
principle [14] is established assuming x € C W™. 

In the case m = 1, extra information about the minimizers was proved, for the first time, by Tonelli 
himself lfl9l . Tonelli established that, under the hypotheses (H2) and (H3) of convexity and coercivity, 
the minimizers x have the property that x is locally essentially bounded on an open subset Q C [a, b] of 
full measure. If 

f)T Fir 

<c\£\+r, (1.2) 



dC 




dC 


dx 
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dx 



for some constants c and r, c > 0, then Q, = [a, b] (x(t) is essentially bounded in all points t of [a, b], i.e. 
x G Wf°), and the PonUyagin maximum principle, or the necessary condition of Euler-Lagrange, hold. 
Condition (11.21 ) is now known in the literature as the Tonelli-Morrey regularity condition (HOEl. Since 
L. Tonelli and C. B. Morrey, several Lipschitzian regularity conditions were obtained for the problem 
\P m \ with m = 1: S. Bernstein (for the scalar case n = 1), F. H. Clarke and R. B. Vinter (for the 



vectorial case n > 1) obtained Q the condition 



d 2 c \ - 1 fd£ _ &£_ _ d 2 £ 
dx 2 J \dx dxdt dxdx 
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< c Ixl 6 + 1 



d 2 £ 

dx 2 



>0; 



F. H. Clarke and R. B. Vinter [7 ] the regularity conditions 

d£ 



dt 



<c\£\+k(t), k(-)€Li, 



(1.3) 
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and 



dC 



dx 



<c\C\ + k(t) 



dC 
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m(t) , fc(-), m(-) G L a ; 



and A. V. Sarychev and D. F. M. Torres [ 16] the condition 

\±\i* < 7 £/3 + r?j 7 >0,/3<2, / u> max {/3 - 1, -1} 
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(1.4) 



Lipschitzian regularity theory for the problem of the calculus of variations with m = 1 is now a vast 
discipline (see e.g. J2j [3] [TUJ [13] 123 and references therein). Results for m > 1 are scarcer: we are 
aware of the results in (9][T6l[20|]. In 1997 A.V. Sarychev [15 ] proved that the second-order problems 
of the calculus of variations may show new phenomena non-present in the first-order case: under the 



hypotheses (H1)-(H3) of Tonelli's existence theory, autonomous problems flP m [ ) with m = 2 may present 
the Lavrentiev phenomenon lfT2l . This is not a possibility for m = 1, as shown by the Lipschitzian 
regularity condition (I1.3I ). Sarychev's result was recently extended by A. Ferriero ifTTTl for the case 
m > 2. It is also shown in |fTT| that, under some standard hypotheses, the problems of the calculus 
of variations < \P m $ with Lagrangians only depending on two consecutive derivatives xW and x( 7+1 \ 
7 > 0, do not exhibit the Lavrentiev phenomenon for any boundary conditions (11.11) (for m = 1, this 
follows immediately from (I1.3I )). In the case in which the Lagrangian only depends on the higher-order 
derivative x^ m \ it is possible to prove more [16, Corollary 2]: when C = C (x^), all the minimizers 
predicted by the existence theory belong to the space W,^ C W™ and satisfy the Pontryagin maximum 
principle (regularity). As to whether this is the case or not for Ferriero's problem with Lagrangians only 
depending on consecutive derivatives x^ 1 ' and x^ +1 \ seems to be an open question. 
The results of Sarychev IfTBI and Ferriero IfTTTl on the Lavrentiev phenomenon show that the problems 
of the calculus of variations with higher-order derivatives are richer than the problems with m = 1, but 
also show, in our opinion, that the regularity theory for higher-order problems is underdeveloped. One 
can say that the Lipschitzian regularity conditions found in the literature for the higher-order problems 
of the calculus of variations are a generalization of the above mentioned conditions for m = 1: ll9l 
generalizes (11.21 ) for m > 1, [16 ] generalizes (11.41 ) for problems of optimal control with control- affine 
dynamics, ll20ll generalizes (11.21 ) for optimal control problems with more general nonlinear dynamics. 
To the best of our knowledge, there exist no regularity conditions for the higher-order problems of the 
calculus of variations of a different type from those also obtained (also valid) for the first-order problems. 
We give here what we claim to be a new regularity condition which is of a different nature than those 
appearing for the first-order problems. For the sake of simplicity, we restrict ourselves to second-order 
problems (m = 2). The results of the paper can be naturally extended to derivatives of higher order 
than two, but the proofs become rather technical. While existence follows by imposing coercivity to 
the Lagrangian C (hypothesis (H3)), we prove (cf. Theorem 14. II) that for the autonomous second-order 
problems of the calculus of variations, regularity follows by imposing a superlinearity condition to the 
partial derivatives J£ of the Lagrangian. We observe that our condition is intrinsic to the higher-order 
problems: for autonomous problems of the calculus of variations with m = 1 (11.31 ) is trivially satisfied 
and no superlinearity on the partial derivatives of C is needed, while such conditions are required in the 
higher-order case as a consequence of Sarychev's results IfTBI . 
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2 Outline of the paper and hypotheses 



We shall limit ourselves to the second order problems of the calculus of variations, i.e. to the problem 
of minimizing 



£(t,x(t),x(t),x(t))dt 



CP 2 ) 



for some given Lagrangian £(■, •, •, •), assumed to be a C 1 function with respect to all arguments. In this 
case it is appropriate to choose the admissible functions x to be twice continuously differentiable with 
derivatives x and 'x in L 2 , i.e X = Wf . In Section[3]we establish generalized integral forms of duBois- 
Reymond and Euler-Lagrange necessary conditions valid for X = VF 2 2 (the optimal solutions x may 
have unbounded derivatives x, x). Then, in Section |4j we obtain regularity conditions under which all 
the minimizers of \P2) are in W£° C Wf and thus satisfy the classical necessary conditions. In general 
terms, the techniques used here are extensions of those appearing in [4] for one-derivative problems. 

In the sequel we shall assume the following hypotheses: 

(Sq) There exists a continuous function S(t, s, v, w) > 0, (t, s, v, w) G M 1+3ri , and some 5 > 0, such 
that the function t — > S(t, x(t),x'(t),x"(t)) is L 2 -integrable in [a, b] and 



dC 

at 



t 1 11 \ 



for all t G [a, b], \r — t\ < 5, x = x(t). 



(Si) There exists a nonnegative continuous function G(-, •, •, •), and some 6 > 0, such that the function 

t —>■ G(t, x(t),x'(t),x"(t)) is L 2 -integrable on [a, b], and 



dC 

dxi 
d£ 

dL_ 



(t,y,x',x") 
(t,x,y,x") 
(t,x,x',y) 



< G(t, x, x' , x") 

< G(t, x, x' , x") 

< G(t,x,x',x") 



for all t £ [a, b], x, x' , x" G W 1 , x = (x x , . . . , x n ) G R n , y = (y 1: . . . , y n ) G R n , yj = xf\t) 



for j / i, 



yi — x[ (t) < 6, i = 1, . . . , n and k = 0, 1, 2, where xf (t) is the i th component of 
the k th derivative with the convention x\ (t) = xi(t). 

Remark 2.1. Hypothesis (Sq) is certainly verified if £(t,x,x,x) does not depend on t: (Sq) holds 
trivially in the autonomous case. Conditions (Si), i = 0, . . . , n, are needed in the proof of Theorems l3.ll 
and !3.2l to justify the usual rule of differentiation under the sign of an integral. 
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3 Generalized integral form of duBois-Reymond and Euler-Lagrange equations 

In this section we prove integral forms of duBois Reymond and Euler-Lagrange equations (see (13.11) and 
(13.51) below, respectively). For this, we consider an arbitrary change of the independent variable t. Let 
s be the arc length parameter on the curve Co : x = x(t), a < t < b, so that the Jordan length of Co is 
s(t) = j l a + \x'(t)\ 2 cIt with s(a) = 0, s(b) = I and s(t) is absolutely continuous with s'(t) > 1 



4 



a.e. Thus s(t) and its inverse t(s), < s < I, are absolutely continuous with t'(s) > a.e. in [0, 1]. If 
X(s) = x(t(s)), < s < I, then i(s) and X(s) are Lipschitzian of constant one in [0, I]. By change of 
variable, 

I[x]= I £(t,x(t),x(t),x(t))dt 

J a 

c ( tw , xis), m, ^ (x» (s) - f$*"«)) . 

Setting F(t, x, t', x', t", x") = C (t, x, fr, j^{x" - frt")) if, we have: 

I[x] = J[C] = J[X] = [ F (t(s),X(s),t'(s),X'(s),t"(s),X"(s)) ds . 
Jo 

3.1 Generalized duBois-Reymond equations 

The following necessary condition will be useful to prove our regularity theorem (Theorem 14. li on Sec- 
tion m>. 

Theorem 3.1. Under hypotheses (Si)o<i<n, if %(') £ is a minimizer of problem (Pg), then the 
following integral form of duBois-Reymond necessary condition holds: 

M*) = Q^M S )) ~ I Q^ifiia))^ + J y —(9{a))dadr = c , < r < S < /, (3.1) 

where functions ^ are evaluated at 9(s) = (t(s),X(s),t'(s),X'(s),t"(s),X"(s)) and Co is 

a constant. 

Proof. It is to be noted that (t(s), X(s),t' (s), X' (s),t" (s)) may not exist in a set of null-measure of all 
s. The proof is done by contradiction. Suppose that (13.11) is not true. Then, there exist constants d\ < d 2 
and disjoints sets E* and E\ of non-zero measure such that 

<f>a(s) < di for s G £*, 
0o(s) > cfe for s £ ££, 

while t'(s) > a.e in [0, 1]. Hence there exist some constant k > and two subsets E\, E 2 of positive 
measure of E*, E^, such that 

t'(s)>k>0, Ms)< d i for a e Ei, |£i|>0, (3.2) 
t'(s) > k > 0, M s ) > d 2 for seE 2 , \E 2 \ > . (3.3) 



Let us consider 
where denotes the indicator function defined by 

XiO) 



/ / {|S2|xi(<T)-|£?l|X2(<7)}d7dT, 0<T<S<r 

Jo Jo 



1 for s <E Ei, 

for sGfO,!]/^, i = 1,2 and < s <l. 
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We have that ip f is an absolutely continuous function in [0, 1] with ^'(0) = ip f (l) = 0. Moreover, 

r(s) = < 



\Ei\ a.e s£fi2i 
I-E2I a.e s G Ei , 

a.e s € [0, J] - £4 [j E 2 



We also define C a : t = t a (s), x = X a (s), < s < I, by setting 

t a (s) = t(s) + atfj(s) + a 2 ijj' '(s) , 

X a (s) = X(s), 0<s<l, \a\<l. 

Let p > be chosen in such a way that t,r £ [a, b] and |£ — r| < p imply — x(r)\ < 5, where 
5 is the constant in condition (So). We have \ip"(s)\ < I putting N = max|^>'(s)| and choosing 



\a\ < ao = min |l 



k p 

> 2(n+i) ' w+a 1 



j. Then we have, for \a\ < «o> that 



t' a ( s ) = t'(s) + cr0'(s) + a 2 ifj"(s) > k - (N + l)a >k-^ = ^>0, 

s € E1IJE2, and C a has an absolutely continuous representation x = x a (t), a < t < b. We also 
have \t a (s) - t(s)\ < \a\(N + I 2 ) < p. Hence \x a (t) - x(t)\ = \x(t a (s)) - x(t(s))\ < 5 and we 
conclude that J[C a ] > J[C]. On the other hand, by setting /3(a, s) = F(t, X, t' , X' , t" , X"), we have 
by differentiation that 

8F OF OF 



dp 
da 



a=0 



where 



dF _ dC , 

~dt~~dl t ' 

dF_ d£x ]_d£(z^L 



(3.4) 



dF 



1 dC 



dt" t' 2 dx 



x . 



By hypotheses (Si)o<i< n both terms ^-ip, %rty ^nw' we bounded in Ei |J E% by a function which is 
L-integrable in [0,1]. Then, we can differentiate under the sign of the integral to obtain: 







dJ(C a ) 



da 



a=0 JO 

Integration by parts, and using (I3.2I) - (I3.3I >. yields 

0= f <h(aWds= [ 
Jo Je 

< \Ei\\E 2 \(di - d 2 ) < 
which is a contradiction. Equality (13.11 ) is now proved. 



1 'dF , dF dF ,„\ , 



4> (s)i>" ds + / MsW'ds 

E 2 



□ 
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3.2 Generalized Euler-Lagrange equations 

Arguments similar to those used to prove Theorem 13.11 can be utilized to prove a generalized Euler- 
Lagrange equation. This condition is not necessary in the proof of our regularity theorem, but is given 
here because of its significance: necessary conditions for ( ji-^l ) in the class Wf have an interest of their 
own (cf. Example l4.2l ). 

Theorem 3.2. Under the hypotheses (Si)i<i< n , if x{) € Wf is a minimizer of problem ( ji-^l ). then we 
have the following integral form of the Euler-Lagrange equations: 

= dx~ {9{s)) ~ J d¥ {e{a))do 7 + J J d^^ a))dadr = Cu x ^^ n ' (3 - 5) 

where functions J^-, are evaluated at 6(s) = (t(s),X(s),t'(s),X'(s),t"(s),X"(s)) and oi, 
i G {1, . . . , n}, denote constants. 

Proof. The proof is also by contradiction and is similar to that of Theorerr l3~Tl Suppose that (13.51 ) is not 
satisfied. For i = 1 . . . n and |a| < 1, we consider the curve C a : t = t a (s), x = X a (s), < s < I, 
with 

X ia {s) = Xi{s) + aip{s) + a 2 ip'(s) , 
X ja (s) = Xj(s), j^i. 

We have < I a.e and, if we put N = max |^/(s)|, then for 

5 8 5 



\a\ < cxq = min < 1, 



(N + 1)V N + V I 



we can write that 



\X in (s) - XAs) 



aip + a 2 ip'\ <a (N + l)l <5. 



X ia {s) - Xi{s) = \ai>' + a VI < a {N + I) < 6 , 



Xi, 



Xi(s) 



\aip"\ <a l<5, 



and thus J[C] < J[C a ] for all |q| < ao- Setting, as before, 

(3(a, s) = F(t(s),X(s),t'(s), X'(s), t"(s), X"(s)) 

we have 



da 



a=0 



dF , dF ,. dF ,.. 

dxi dxi dxi 



a.e. 



Note that by the hypotheses (Si)i<j<„ 
dF 



dxi 



— f 

dxi 



<G[t(s),X, 



A " \x"-^)t")i\ 



dF 



d±i 



<9F 



<9£ 



d'±i 



< 



are L-integrable in [0, /]. Thus, the terms §^:ip, §§:i>' , are bounded in £1 |J ^ by a fixed L- 

integrable function. For s G (£i (J -E2) c » we have ip"(s) = and = 0. The proof is continued in 

the same lines as in the end of the proof of Theorem [3TTJ applying the usual rule of differentiation under 
the integral sign and integration by parts, which leads to a contradiction. □ 
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4 Regularity result for autonomous problems 



We shall present now a regularity result for fli-^l ) under certain additional requirements on the Lagrangian 
C. 



Theorem 4.1. In addition to the hypotheses (S , j)o<i<n. let us consider the autonomous problem \P2\ , 
i.e. let us assume that C does not depend on t: C = C(x,x,x). If is superlinear, i.e. there exist 
constants a > and b > such that 

dC, 



a\w\ + b < 



d'x 



[s, v, w t 



for all (s, v, w) E 



(4.1) 



then every minimizer x G W$ of the problem is on W£°. 

Remark 4.1. Theorem 14. 1 1 remain valid if instead of the superlinearity condition (14.11) we impose the 
stronger quadratically coercive condition: there exist constants a > and b > such that 

dC 



a\w\ z + b< 



dx 



(s,v,w) 



for all (s, v, w) <G 



Example 4.1. A trivial example of a Lagrangian satisfying all the conditions (Si)o<i< n and (14.11 ) is 
C(x, x, x) = C(x) = ax 2 + bx with a and b strictly positive constants (one can choose G(t, x, x, x) = 
2a\x\ + b € L 2 in (Si)). It follows from Theorem 14. II that all minimizers of the problem 



I[x(-)] = / [ax(t) 2 + bx(t)] dt 



mm 



to 
x(-) 

x(t 



ew 2 , 



a . 



a,b>0 
x(h)=(3 



are W£° functions. 

As an immediate corollary to our Theorem l4.ll we obtain conditions of non-occurrence of the Lavrentiev 
phenomenon for the autonomous second-order variational problems. 

Corollary 4.2. Under the hypotheses ofTheorem \4.I\ the autonomous problems do not admit the Lavren- 
tiev gap W 2 - W%°: 



inf 

z(-)6W| J a 



£(x(t),x(t),x(t))dt 



inf 



£(x(t),x(t),x(t))dt. 



Example 4.2. Let us consider the autonomous problem proposed in |5]|9l (n = 1, m = 2): C(s, v, w) 



E|2 



22 



+ e\w\ 2 , t G [0, 1]. The problem satisfies hypotheses (H1)-(H3) of Tonelli's existence 

5 

theorem. Function x(t) = kt~i verifies the integral form of the Euler-Lagrange equations (13 -5b - How- 
ever, x belongs to W| Dut not to W^ 3 . The regularity condition (14.11 ) of Theorem 14. H is not satisfied. 

Proof, (of Theorem |4j} Using (|3~TT ) and (1341) we get 

1 dC 



-x + 



C--—x — — 
t' dx t' 2 dx 



t' 2 dx 

and since we are in the autonomous case, 



-Tx 3t" . 



J_dC. 

? 2 m x + 



C--—X + - — 

t' dx t' 2 dx 



-2x 3i" 
— + ~ X 



dc 
dt 



co 
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Therefore, 



1 dC 

V 2 m x = c ° 



CO 



fd± x + t^m (~t r + l rX 



1 ac 



o t' dx ' 



i ac. 



C+ —^—X + 2 / —pr -p—X / —pTT^rX 



3t" dC 



Applying the Holder's inequality, we obtain 



~dx~* 



< |co| + 



l i- «l 



dC 



dx 



\x\\n + k 2 



ac 



dx 



i 2 + 



3t" 



?2 



where k\, k 2 are positive constants. Then, using the fact that £ £ C 1 , £, ^§ G L 2 and x £ VFf (in 
other terms, x, x, x € L 2 ), it follows that p2-§§x satisfies a condition of the form 



J_dC 

t' 2 dx * 



< h + 



3t" 



V 



J_dC 

t' 2 dx 



for a certain positive constant ^3. Now, Gronwall's Lemma leads to the following uniform bound: 

1 dC 



t' 2 da 



< k 4 



with a positive constant k^. Since t' < 1, we deduce that j^x is uniformly bounded. Besides, since 
I ^ I verifies (14. IK we have 



\x\ (a\x\ + b) < 
Therefore we get for a positive constant k^ 

\x\ < 



dc 

dx 



k.i 



<k 4 (6 > 0) . 



< ka. 



a\x\ + b 

Then |§ is uniformly bounded. Since §§(s, v, w) goes to +00 with \w\ (by superlinearity), this implies 
a uniform bound on \x\ which leads to the intended conclusion that 'x is essentially bounded. □ 

Theorems 13 . 1113.21 and 14.11 admit a generalization for problems of an order higher than two. This is under 
study and will be addressed in a forthcoming paper. 



5 Conclusions 

The search for appropriate conditions on the data of the problems of the calculus of variations with 
higher-order derivatives, under which we have regularity of solutions or under which more general 
necessary conditions hold, is an important area of study. In this paper we have obtained necessary 
optimality conditions of duBois-Reymond and Euler-Lagrange type, valid in the class of functions where 
the existence is proved. Minimizers in this class may have unbounded derivatives and fail to satisfy the 
classical necessary conditions of duBois-Reymond or Euler-Lagrange. We prove that if the derivatives 
of the Lagrangian function with respect to the highest derivatives verify a superlinear condition, then 
all the minimizers have essentially bounded derivatives. This imply non-occurrence of the Lavrentiev 
phenomenon and validity of classical necessary optimality conditions. 



9 



Acknowledgements 

The authors are grateful to Ilona Dzenite and Enrique H. Manfredini for the suggestions regarding im- 
provement of the text; to Andrei V. Sarychev for pointing out several mistakes in an earlier version of 
the manuscript. Possible remaining errors are, of course, the sole responsibility of the authors. The first 
author was supported by the Portuguese Foundation for Science and Technology (FCT), through project 
SFRH/BPD/20934/2004; the second author by the Centre for Research in Optimization and Control 
(CEOC) from FCT, cofinanced by the European Community Fund FEDER/POCTI. 

References 

[1] J. M. Ball and V. J. Mizel, Singular minimizers for regular one-dimensional problems in the 
calculus of variations, Bull. Amer. Math. Soc. (N.S.) 11 (1984), no. 1, 143-146. MR0741726 
(86f:49004) 

[2] A. Cellina, The classical problem of the calculus of variations in the autonomous case: relaxation 
and Lipschitzianity of solutions, Trans. Amer. Math. Soc. 356 (2004), no. 1, 415^26. MR2020039 
(2004k:49087) 

[3] A. Cellina and A. Ferriero, Existence of Lipschitzian solutions to the classical problem of the 
calculus of variations in the autonomous case, Ann. Inst. H. Poincare Anal. Non Lineaire 20 (2003), 
no. 6, 911-919. MR2008683 (2004f:49069) 

[4] L. Cesari, Optimization — theory and applications, Springer, New York, 1983. MR0688142 
(85c:49001) 

[5] F. H. Clarke, Methods of dynamic and nonsmooth optimization, SIAM, Philadelphia, PA, 1989. 
MR1085948 (91j:49001) 

[6] F. H. Clarke, Necessary conditions in dynamic optimization, Mem. Amer. Math. Soc. 173 (2005), 
no. 816, x+113 pp. MR2 117692 

[7] F. H. Clarke and R. B. Vinter, Regularity properties of solutions to the basic problem in the calculus 
of variations, Trans. Amer. Math. Soc. 289 (1985), no. 1, 73-98. MR0779053 (86h:49020) 

[8] F. H. Clarke and R. B. Vinter, Regularity of solutions to variational problems with polynomial 
Lagrangians, Bull. Polish Acad. Sci. Math. 34 (1986), no. 1-2, 73-81. MR0850317 (87j:49042) 

[9] F. H. Clarke and R. B. Vinter, A regularity theory for variational problems with higher order deriva- 
tives, Trans. Amer. Math. Soc. 320 (1990), no. 1, 227-251. MR0970266 (90k:49006) 

[10] G. Dal Maso, H. Frankowska, Autonomous integral functionals with discontinuous noncon- 
vex integrands: Lipschitz regularity of minimizers, DuBois-Reymond necessary conditions, 
and Hamilton-Jacobi equations, Appl. Math. Optim. 48 (2003), no. 1, 39-66. MR1977878 
(2004c:49079) 

[11] A. Ferriero, The approximation of higher-order integrals of the calculus of variations and the 
Lavrentiev phenomenon, SIAM J. Control Optim. 44 (2005), no. 1, 99-110. MR2176668 



10 



[12] M. Lavrentiev, Sur quelques problemes du calcul des variations, Ann. Mat. Pura Appl. 4 (1927), 
7-28. 

[13] A. Ornelas, Lipschitz regularity for scalar minimizers of autonomous simple integrals, J. Math. 
Anal. Appl. 300 (2004), no. 2, 285-296. MR2098209 (2005f:49089) 

[14] L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, E. F. Mishchenko, Selected works. Vol. 
4, The mathematical theory of optimal processes. Translated from the Russian by K. N. Trirogoff, 
Translation edited by L. W. Neustadt, Reprint of the 1962 English translation, Gordon & Breach, 
New York, 1986. MR0898009 (90a:01108) 

[15] A. V. Sarychev, First- and second-order integral functionals of the calculus of variations which 
exhibit the Lavrentiev phenomenon, J. Dynam. Control Systems 3 (1997), no. 4, 565-588. 
MR1481627 (98m:49011) 

[16] A. V. Sarychev and D. F. M. Torres, Lipschitzian regularity of minimizers for optimal control prob- 
lems with control-affine dynamics, Appl. Math. Optim. 41 (2000), no. 2, 237-254. MR1731420 
(2000m:49048) 

[17] A. V. Sarychev and D. F. M. Torres, Lipschitzian regularity conditions for the minimizing trajecto- 
ries of optimal control problems, in Nonlinear analysis and its applications to differential equations 
(Lisbon, 1998), 357-368, Birkhauser, Boston, Boston, MA, 2001. MR1800636 (2001j:49062) 

[18] D. R. Smith, Variational methods in optimization, Prentice Hall, Englewood Cliffs, N.J., 1974. 
MR0346616 (49:11341) 

[19] L. Tonelli, Opere scelte. Vol II: Calcolo delle variazioni (Italian), Ed. Cremonese, Rome, 1961, 
289-333. MR0125743 (23:A3041) 

[20] D. F. M. Torres, Lipschitzian regularity of the minimizing trajectories for nonlinear optimal control 
problems, Math. Control Signals Systems 16 (2003), no. 2-3, 158-174. MR2006825 (2004i:49047) 

[21] D. F. M. Torres, The role of symmetry in the regularity properties of optimal controls, in Symmetry 
in nonlinear mathematical physics. Part 1, 2, 3, 1488-1495, NatsTonal. Akad. Nauk Ukraini, Inst. 
Mat., Kiev, 2004. MR2077966 (2005b :49051) 

[22] D. F. M. Torres, Caratheodory equivalence Noether theorems, and Tonelli full-regularity in the 
calculus of variations and optimal control, J. Math. Sci. (N. Y.) 120 (2004), no. 1, 1032-1050. 
MR2099056 



11 



